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ABSTRACT

Research in healthcare settings is often conducted using very
large amounts of data. This typically leads to a limitation on
the use of standard measures of statistical significance, such
as p-values, as the related sampling distributions collapse in
very large samples. However, while these probability-based
calculations are of limited use, application of the laws of large
numbers can be very useful in guiding the interpretation of
very-large-sample-based results. In specific settings, this

INTRODUCTION

Medical research typically involves the careful planning
of study designs, the collection of study data and the
interpretation of results. Usually, a statistical, probability-
based model provides the context, with model parameters
interpreted as population characteristics, which can be
tested in relation to hypothesized values using p-values or
estimated using confidence intervals. Where sample sizes are
relatively moderate, the study design will include a sample
size justification, along with an assumed clinical effect
size. The sample size carefully selected so that statistical
significance is closely related to clinical significance!. The
use of a randomized design to limit bias, the consistent
application of the study design protocol, and the drawing of
a truly representative sample are often essential components
of quality research studies.

In research studies based on very-large-sample sizes,
sample sizes that often run into the hundreds of thousands
or millions, standard measures of inference become less
relevant. Automatic use of p-values, for example, is no
longer obvious when clinical significance is no longer closely
related to statistical significance. Such challenges have led to
consideration of alternative interpretations of the p-value or
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may lead to the continued use of the p-value as a tool for
inference. In other very-large-sample settings, comparison
of observed estimated population characteristics can be
reported on a percent difference basis and can be related
directly to practical outcomes such as increases in healthcare
access or decreases in healthcare cost. These interpretations
should be defined pre-experimentally within the context of
each study protocol.

different approaches such as data-centric machine learning
approaches?,

Standard statistical perspectives, however, may remain
useful in very-large-samples when viewed from an alternate
but related perspective; incorporating large sample
convergence as a key element in inference; inference via
estimation. This perspective applies to a wide variety of
studies that generate very large datasets, for example,
genomic studies, healthcare utilization studies based on
linked networks of hospital-based databases, internet
marketing-based health research, national health surveys,
and census data.

Interestingly, in the setting of very-large-sample study
designs, while probability is an important component, the
sampling distributions of aggregate statistical summaries
such as sample means and proportions, and their related
statistical likelihood functions, collapse, reflecting the
convergence and high accuracy of estimation implied by
the laws of large numbers* as standard errors go to zero.
Probability in relation to sampling distributions in very large
samples leads to the comparison of essentially non-random
estimated values, without easy reference to standardized
units of variation such as standard errors and automatic
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measures of inference such as p-values.

This setting further leads to the consideration of
secondary criteria to assess practical significance in very-
large-sample settings. These may include, for example,
estimated decreases in healthcare costs, percent increases
in access to healthcare, or estimated percent increases in
survival rates: practical perspectives for the interpretation
of very-large-sample results.

National health surveys and large databases
An example of a setting where such considerations apply
is in the examination of very large national databases, a
characteristic of health-related research in recent years.
These include, among others, US census data® and EPIC
Cosmos®, a hospital utilization database with data on 195
million patients. As the size of samples increases to cover
a larger proportion of the population of interest, the use of
probability-based methods has been called into question’.
Larger sample sizes restrict the usefulness of the p-value
and related hypothesis testing frameworks. An example
of an attempt to get around this is an equality or non-
inferiority perspective®. Assuming that a moderately large
sample implies approximate normality due to the central
limit theorem, a confidence interval for the standardized
difference between, for example, mean values can be
obtained. This is then assessed versus an equality range
about zero, essentially an effect size for the confidence
interval, typically (-2.5, 2.5) or (-3.0, 3.0). If the observed
confidence interval lies entirely within the range, the surveys
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are declared to be equivalent for the relevant measures being
examined. Note that in the case of survey data, aggregate
statistics such as the sample mean or variance should be
weighted appropriately to be representative’.

METHODOLOGICAL APPROACH

Laws of large numbers

The presence of very large samples and convergent statistics
creates challenges for the testing of hypotheses. Under the
weak law of large numbers, a sample statistic in a very large
sample (often having sample sizes of >100000 responses)
will be an essentially exact estimate of, for example, the
population mean, or difference of population means, or
population proportion of interest. Indeed, in most settings
the accuracy of the estimates will be essentially exact
after 10000-20000 data values in the case of estimating a
proportion, typically much fewer in regard to estimating
mean values.

Application of laws of large numbers are most easily
displayed using the well-known Chebyshev inequality*° for
the sample mean T(x) with expected population mean value
i, a chosen constant ¢>0, and variance ¢%

P[|T(x)-u|=c]<1-62/nc?

This implies that the sample mean T(x) converges to the
population mean p and the probability P goes to 1 as n—co.
In very large samples this implies that the sample mean is
practically equivalent to the population mean value.

Figure 1. Setting p = 0, the distribution of T(x) - p, is shown as G0
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While this is a probability-based statement, defined
before observing the data, computer-based simulations with
data show that these arguments and results hold in very
large samples in data-based settings. The most important
assumptions supporting such results are the assumptions
of independence in the selection of subjects and related
data values, sample and population homogeneity, and stable
variation. Note that the related strong law of large numbers
ensures that the chance of observing a large deviation of T(x)
from p in very large samples is minimal.

Pivotal quantities and p-values

In the context of a very-large-sample national survey, the
same context that leads to the weak and strong laws of large
numbers giving high accuracy of estimation, also leads to the
p-value becoming clinically irrelevant.

Consider the development of a p-value to assess the
departure of the observed value of the statistic T(x) from an
expected population parameter value 6. A typical first step is
to standardize the statistic or pivotal quantity*! to the general
form:

Qx:0)=[T(x)-6] /o,

where 0 is a population characteristic of interest and Op @
measure of variation for T(x) that is a function of the sample
size n, allowing for calculation of tail areas based on the
N(0,1) distribution. But for large n, GT(X)—>O, implying that
when testing H: 8 = 6, any small deviation T(x) - 6, will
give a large value for Q (x; 6,).

As the p-value is typically based on the area to the right of
the observed value of Q (x ; 8), this implies the p-value will
be small and thus significant for any small deviation T(x) - 6.
Thus, statistical significance is no longer reflective of clinical
or scientific significance.

In very large samples, the high accuracy of estimation
limits the use of significance testing for hypotheses of the
form H: 8 = 8. The degree of support for the hypothesis
provided by the observed data can more reasonably
be approached from a different perspective, namely
incorporating the high accuracy of estimation provided by
T(x) for the true value of 0. This is considered below for
several different but related situations in the context of large
sample health survey-based research.

Small sample local surveys and very-large-sample
national surveys
It is sometimes the case that applied researchers will have
a local survey of limited sample size and will be able to
reference, for comparison, a similar, weighted national
survey of much larger sample size. The goal is often to assess
whether the local sample differs from the national sample on
various characteristic measures.

When comparing variables drawn from a small-sample
local survey versus a comparable very-large-sample national
survey, it remains possible to apply p-value based hypothesis
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testing by applying the laws of large numbers to the national
survey. In this setting a one-sample testing approach within
the context of the local survey remains useful where the null
hypothesis is the essentially known population mean for the
very-large-sample population. The difference of the local
survey mean from this reference value can be tested, using a
one-sample p-value calculated within the context of the local
survey with small sample size.

Each variable of interest can be assessed in this manner.
Note that the standard deviation of each variable in the
very-large-sample national survey, essentially known due to
the laws of large numbers, need not be a formal element of
the pivotal quantity used for the p-value. While it remains a
measure of overall accuracy related to the very-large-sample
survey, the more relevant standard error of each variable’s
mean in the very large sample collapses to zero.

For example, a standard pivotal quantity to detect the
mean difference of a variable defined in both local and
national surveys, using the very-large-sample national survey
mean W as an essentially known population mean value, is
given by a one-sample t-test:

G-w)/(s/Vn) ~t,,

where n is the local survey sample size, ¥ is the local survey
mean, and s is the local survey standard deviation. This
can be used to obtain a standard p-value. Non-parametric
methods can also be used here as appropriate. Note that the
use of other statistics such as proportions or odds ratios can
be approached in a similar manner. Examples are discussed
below.

Demographic sub-group analysis

If comparisons are to be carried out within demographic sub-
groups similarly defined in both local and national surveys,
the relevant population values from the national survey
typically remain essentially known, but the corresponding
local survey sample size often may be fairly small. As the
relevant statistical theory becomes somewhat difficult to
interpret in small samples, application of the empirical
bootstrap method to obtain the relevant p-value is useful,
again assuming the very-large-survey population mean 1 can
be taken as a reference null hypothesis value.

Here, the pivotal quantity is again (§-1)/(s/Vn), where p
is the known population mean for the sub-group of interest
within the national survey and a bootstrap distribution
can be generated to provide the p-value. The median based
Mann-Whitney non-parametric tests or the Fisher exact test
for proportions can also be used as appropriate!2.

Very large samples in both local and national surveys:
Estimation and comparison

It is a fundamental aspect of probability models that
aggregate statistics such as sample means and standard
deviations in large samples converge to fixed values. Indeed,
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this convergence happens fairly quickly*!®. This often seems
to be forgotten in the interpretation of information drawn
from very-large-sample survey-based results when the focus
is on the p-value.

If both the local and national surveys are very large
samples, the comparative assessment of population values
can be based on a comparison of essentially known values,
as the sample means will have individually converged to
their expected population values. In terms of the sampling
distributions of the means, the standard errors have each
converged to zero. As such, there is no obvious measure of
sampling related dispersion in such settings.

Units of comparison

It may also be possible to use a specific unit of measurement
defined as part of the study protocol by the researcher. For
example, when comparing two estimated population mean
values, for example, X =p1, X,=q, for a response of interest,
look at:

D=(p, - p,)/a

where a a is a value chosen by the researcher and defined in
the study protocol so that a value for D is seen as practically
meaningful in relation to secondary outcomes such as an
increase in a quality-of-life index or a decreased cancer risk
score.

It is also possible to simply interpret the value of u, in
terms of its percent difference from p, without reference
to a unit of measurement. Observed differences between
proportions, odds ratios, medians and mean differences may
be interpreted using simple percent differences between the
estimates, and a determination of the practical effect of such
differences on healthcare cost and access.

In very-large-sample settings even a small 1% or 2%
increase can have large practical importance in terms of
healthcare outcomes and related costs. For example, in a
population of 1 million, if the decrease in yearly cost per
person is $500 due to prevention-related behavior and a 1%
increase in prevention-related behavior is estimated, this
may result in savings of $5 million.

Note that in smaller samples, with stable sampling
distributions, these considerations can be formulated in
terms of risk, the expected value of a defined loss function.
The approach here is more limited as the relevant sampling
distributions have collapsed.

In some settings, given that individual standard errors
are available as exactly estimated values, o, and ¢, it may be
useful to consider the standardized difference:

Mo
o

B

1 02

D=

and interpret the estimated difference as a percent of i, /o,.
Similar arguments apply to inferences based on sample
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medians and for specific coefficient estimates in linear and
generalized linear models. Note that the method of moments
becomes very useful as a method of estimation in very-large-
sample settings as it reflects the application of laws of large
numbers.

Information equivalent sample sizes

Laws of large numbers and the related convergence of
sampling distributions have interesting implications. For
example, once we are past a certain number of collected
data values, say n = 20000, which is assumed to be attained
by very large samples here, differences in the sample sizes
become irrelevant to the assessment of information, as the
additional amount of data in the larger of the two surveys
yields essentially no further information or accuracy
for the purposes of statistical inference, as the sampling
distributions have collapsed. Thus, in terms of information,
two very large samples having, for example, samples sizes
of 10000 and 20000, respectively, can be viewed as both
having the same effective sample size in terms of estimation
and related accuracy.

Additional guidelines on sample sizes might be useful in
very large samples when the sample is further stratified for
sub-group comparisons. But this is mostly irrelevant when
the sample sizes for the sub-groups usually remain large
enough themselves for the weak law of large numbers to hold
in relation to aggregate statistics.

As a simple guideline, in relation to proportions, a
sample size of n=10000 conservatively gives an accuracy
of measurement, in terms of the length of a confidence
interval, at approximately a 1% level. Sample sizes above
the n=10000-20000 range give levels of accuracy that are
essentially exact if the sample and reference population
are homogeneous. Once past this level, sample sizes, when
comparing two groups, in terms of information content, are
essentially information equivalent.

Testing a null hypothesis within each survey
In some settings, a null hypothesis value specific to each
survey, local or national, is also of interest. In a small-sample
local survey using standard test statistics, small-sample
testing for mean p =, the odds ratio, OR=1 or a regression
coefficient value, =0, can be carried out.

In a national, very-large-sample survey, for a given variable,
a hypothesized parameter value y, can be compared directly
to the estimated, essentially known, population value p in
terms of a chosen measure of accuracy, for example, standard
deviation o or interquartile range (IQR) based distance:

D=(p-p )/a

and interpreted using a practically meaningful cutoff rule. A
chosen value for a might depend on the particular medical,
social science or science context. It may again also be more
appropriate to simply report the percent difference between
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pand p, without reference to a chosen a value. This would
then be interpreted in terms of its practical import in relation
to, for example, healthcare outcomes, cost and access.

The importance of context

The laws of large numbers can most usefully be applied
in settings where the underlying sampling process and
the data values generated are independent and fairly
stable. The population from which the sample is drawn
should be homogeneous for the most part, or a collection
of homogeneous sub-groups of respondents with
appropriate weighting to reflect sampling design and overall
demographic'® This assumption can be assessed to some
extent by the random re-sampling of the database, but should
be a focus of the initial design of the study.

The representative aspect of the sampled survey data
remains important. Proper weighting of the data, using
probability-based sampling weights, is often necessary in
all large survey settings!. National surveys often have a
wide variety of regions, cities and rural areas to obtain a
demographic reflective of the entire country. In some settings
the means of interest may actually be weighted averages of
means from smaller regions or sub-groups. These issues are
relevant to any analysis, but in very-large-sample population-
based surveys, even the regional means and their weighted
averages will converge at a rate that reflects application of
the laws of large numbers.

In general, sample surveys should be representative of
the population, carried out within given time periods, having
limited outliers and stable measures of variation. The quality
of the study design is always the most important aspect of a
study and the criteria to be used to assess survey information
should be defined in the study protocol for each given study.

PRACTICAL EXAMPLES

Example 1: Small local survey and very-large-sample
national survey comparison

Consider a national survey based on an overall sample size
of 500000 individuals, chosen at random from the general
US population. The subset of responses representing
individuals aged 18-25 years who suffer from a moderately
rare disease A are of interest. This sub-group has a total
number of 50000.

A local health alliance of local hospitals and health
professionals in a fairly rural district conducts a survey
yielding responses from n=300 individuals and 49 of
these are from a similar subgroup. When planning the
survey, the local alliance followed the national survey fairly
closely in item development and many of the questions are
comparable.

Mean values

Clinical health data for each participant are available and
have been merged with the survey results. Body mass index
(BMI) values are available in both local and national surveys.
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The national survey gives 50000 values and an estimated
population mean BMI of 20 kg/m? Applying the weak law of
large numbers to the national survey estimate and seeing this
as practically equal to its population counterpart allows us
to apply a one sample t-test for continuous measures in the
context of the local study, using the national sample mean as
a null hypothesis of interest. The test statistic of interest for
the BMI measurement is given by:

§-20)/(s/V49) ~ t,,

If the local BMI (kg/m?) sample mean value is 22.2, standard
deviation 1.6, with a sample size of 49, this gives a test
statistic value of 9.63, with an associated p<0.001. Therefore,
the local survey mean differs significantly from the national
survey mean value.

Proportions

In the national survey sub-group, 21500/50000 participants
self-report as having moderate to liberal political beliefs.
The local survey found 39/49. It is of interest to test for a
difference, testing the null hypothesis of whether the local
proportion is equal to the national proportion.

Using a one-sample test statistic for an estimated
proportion (p) and taking the national survey percentage as
known due to convergence of the weak law of large numbers,
the usual pivotal quantity having an N(0,1) sampling
distribution is given by:

p-f
V(p(1-p)/n)

~N(0,1)

where for n=49, p = 39/49 = 0.7959 and fraction of
participants f = 21500/50000 = 0.43, the pivotal quantity
here yields a value of 6.35 and associated p<0.001. The local
survey percentage differs significantly from the national
survey. Note the small sample Fisher’s exact or binomial test
can also be used here to derive the p-value.

O0dds ratios

Given, for example, comparable cases and controls in both
the local survey and national survey, a similar approach to
testing the equality of odds ratios can be obtained. Most
standard assessments using the sample odds ratio require a
large sample interpretation.

For the characteristic of interest (for example, the onset of
hypertension or high blood pressure) let the relevant very-
large-sample national survey-based value be given by OR
= 1.8. Assuming this is a known population characteristic
via application of the law of large numbers, a standardized
test statistic with an approximately N(0,1) distribution can
typically be defined as:

[log(OR)-log(1.8)] /\/(1/n1+1/nz+1/n3+1/n4) ~ N(0,1)
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Assume the local survey gives a cross-tabulation as given in
Table 1, then this gives a sample relative risk or odds ratio
of 12.0 and thus a test statistic value 1.62 and a related one-
sided p=0.053, showing a non-significant difference between
local and national OR using a Type I error = 0.05.

Example 2: Very-large-sample local survey and national
survey comparison

Assume that the local (sample 1) and national surveys
(sample 2) are conducted with sample sizes of 500000 and
1500000, respectively. The sample statistics for both can
be assumed to have converged to their population mean
values. The sampling distributions have collapsed about their
expected population mean values.

Mean values

The resulting sample means and standard deviations for a

continuous variable, a cancer-related risk score, are given by:

Sample mean1=1.47,SD1=5.6

Sample mean 2 =22.1,SD 2 =4.7

The observed mean difference of 7.4 on its own can be

interpreted as a 33.48% decrease from the 22.1 sample

2 baseline, an impressive percent change and may have

important practical importance in relation to the onset of

cancer-related illness and the related cost of healthcare.
Also relevant here is:

D—22—1—14—7—47 2.6=2.1
4.7 6.5

which reflects the view that with very-large-sample sizes and
effectively equal sample sizes, there is no need to pool the
standard errors to improve the estimation of variation. Here,
the standardized mean difference is >2.

Proportions

A discrete variable, for example whether a respondent
requires mental health treatment (yes/no) after participating
in a specified treatment program, is measured in each sample
and gives the following observed values: Sample proportion
p,=0.85, and sample proportion p,=0.79. The difference:

D=(p,-p,)=0.06

Table 1. Cross-tabulation example of cases with and
without hypertension

R e

Cases n, =40 n,=10 50
Non-cases n,=10 n, =30 40
Total 50 40 90

| I

represents an absolute change of 6%, or a decrease of 7.1%
of 0.85. This can then be interpreted in terms of the number
of subjects and the practical importance of this decrease.
For example, if the yearly cost per patient is $50000 and a
7.1% decrease in those requiring treatment corresponds to
approximately 200 patients, then the yearly cost saving is
$10 million.

Note again that at sample sizes of approximately 10000,
differences of 1-2% are statistically significant using
standard large sample sampling distributions. At levels above
20000, statistical significance loses its meaning as a point of
reference for interpretation of observed percent differences
and sample estimates are essentially exact.

O0dds ratios

For the purpose of interpretation, in settings where there are
two proportions to compare and both the local and national
samples are very large, the odds ratio can also be computed:

p,/(1-p,)
p,/(1-p,)

Interpretation can be based on the distance of the observed
OR value from 1. For the above example with p,=0.85 and
p,=0.79, the OR=1.51. Inference can then be based on
whether the value is sufficiently greater than 1.0. However,
the relevant sampling distribution has collapsed.

It seems more reasonable here to interpret the original
6% difference in proportions, translating the percentage
to actual counts and related cost per patient. The approach
chosen to interpreting the result, even when not primarily
probability based, should be set pre-experimentally as part
of the study design.

OR=

Multiple comparison issues

In settings where the local survey has a small sample size
and the national survey a very-large-sample size, standard
multiple comparisons can be applied to a set of specific
comparative hypotheses being considered, as appropriate.
Typically, adjustment to the Type I error suffices using, for
example, the Bonferroni correction.

In a setting where both the local and national surveys have
very-large-sample sizes, assessment of possible significant
or important differences is no longer based on probability
calculations. The laws of large numbers have given almost
exact estimates of, for example, both mean and variance.

Comparisons for a set of null hypotheses, for example across
a set of clinical variables, might generally be of the form:

with j = 1, ... ,10 standardized differences, or a simple
comparison of the percent differences between each My, and
W, In each case, the difference can be interpreted in terms
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of related practical consequences: for example, a decrease in
healthcare cost, an increase in access or a decrease in risk
score. These interpretations can be listed out clearly in the
study protocol.

Here, there is no a = P(Type I error) that is useful to
such an assessment, as the laws of large numbers imply
convergence of the sample statistic to its population value
and the collapse of the related sampling distribution. Thus,
the rejection regions for such significance testing have lost
relevance as the standard error of the test statistics has
converged to zero. Direct interpretation for each of the
estimated population values is required. Standard multiple
comparison corrections, based on family-wide assessment
of the set of hypotheses to be considered and their related
rejection regions, are no longer relevant in comparisons of
very large samples.

Bayesian perspective

In some settings a Bayesian perspective may be of interest.
In the Bayesian context, researchers will not only have
information from the current surveys in question, but also
from expert opinion or beliefs regarding model parameters
based on past surveys or studies regarding possible
population values in the form of a pre-existing probability
distribution for the population characteristic of interest 6.
Here the effects of the laws of large numbers on the current
study of interest remain relevant and impactful.

Standard Bayesian calculations require both prior density
and likelihood function, but the likelihood function, based on
the sampling distribution of the key statistic(s) of interest,
will typically collapse in very large samples. Note that the
prior, not affected by the information in the current sample,
does not collapse, as it serves as a pre-existing baseline
assessment of existing knowledge regarding possible
0 values. This is a possible point of contention as some
theoretical Bayesian arguments will assume the variance of
the prior distribution is somehow related to the sample size
in the current study*®. This is not assumed here.

In the case of the local survey having small sample size
and the national survey having very-large-sample size, a
standard Bayesian analysis based on the local sample and
related probability models can be carried out, comparing the
known, very-large-sample national survey mean, to the local
mean. The posterior odds ratio or the Bayes factor can be
applied.

In the case of both surveys having very-large-sample sizes
and the difference in population means being the parameter
of interest, an initial prior probability distribution for the
difference in population means for a given variable, could be
taken as normally distributed, say:

D=(u1-u2) ~ N(Dpﬁo-pz)

with an assumed known difference of means D, and assumed
known variance. Ideally, this is based on a systematic review
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of past relevant studies. A central 95% prior region for is
then given by D_+ 1.960 .

This can be then updated by the observed information in the
surveys, here using the laws of large numbers which provide
an essentially known population value for the mean difference.
The collapse of the likelihood function reflects the collapse
of the sampling distribution in large samples, implying the
related standard error has converged to zero and is irrelevant
to updating the prior and the accuracy of the resulting estimate.
The new study reports an essentially known population value
D, for the difference in survey means.

If the prior information and new information are given
the same weight, the updated or posterior result might be
given by:

D=(u1-|‘12) ~ N(Dpo’sz)

where D, = (Dp + D, )/2. This simply shifts the prior
distribution without altering its shape, as the shape of the
likelihood has collapsed and adds no new information. For
the purposes of inference, where the information from prior
studies and the current study are given an equivalent weight,
a central 95% highest posterior density (HPD) interval can
be obtained for the difference of interest: D *1.960.

If the scale of interest is taken to be the number of studies
considered, with, for example, the prior distribution based
on 29 previous studies, this weighting might be expressed
conservatively, as: [(29/30) D, + (1/30) D, ] + 1.960,,
with the prior density again remaining the only source of
variation.

Again, the practical setting should guide the interpretation
given to the differences observed and assumptions should
be clearly outlined in the study protocol. The practical
implication of the estimated difference in terms of related
cost or access to care implications can be reported.

As an example, consider studying differences in the
average income between defined socio-economic groups
A and B in a national survey of 250000 individuals. The
sample sizes in the two groups are 50000 and 35000,
respectively. The observed mean difference is 7500 and
the respective standard deviation is 2000. The standard
errors for the mean estimates themselves are 0.001 and
0.0003, respectively. Historically, from comparable survey
data, the observed difference in mean incomes has followed
an approximate normal distribution with mean 10000 and
standard deviation of 1000. Taking this as a prior density for
the mean and taking the current observed mean difference
as the known value of the population mean difference, the
resulting, updated prior information or posterior density in
light of the survey data, can be expressed as:

N([10000 + 7500]/2)

if the prior information and current study are given equal
importance.
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Random resamples of very large samples

A suggestion is sometimes made that the use of standard
p-values and confidence intervals can be made relevant
in very-large-sample settings by drawing a random set of
small resamples (n=50, for example) from the very large
sample and using these as the basis for comparing local and
national surveys, generating a set of p-values and confidence
intervals. This can be done, but in very-large-sample settings,
the number of such random resamples required to cover
even 10% of the total data sample will yield a very large
number of p-values, which will then be subject to multiple
comparison issues in their interpretation, limiting the
usefulness of this strategy.

In the context of the large sample approaches presented
here, such second-stage resampling primarily might better
be viewed as representing a simple approach to assessing
the assumption of homogeneity in the dataset, useful as a
diagnostic for application of laws of large numbers and
assessing the underlying stability of very-large-sample
results.

Machine learning and large sample convergence
Machine learning methods such as artificial neural networks
(ANNs) or random forest methods do not formally use
probability-based methods. They are data-centric, often
using one half of the data (training) to predict the response in
the remaining half (testing). This is actually more a measure
of agreement between the two data components. There is
little formal use of theoretical probabilistic modeling'¢. The
ANN model for example uses a multi-nodal network template
that guides the fitting of such models. From a statistical
perspective these methods use a very large number of fitting
parameters, called weights and biases, that massively over-
fit the model. This model is highly nonlinear as well, often
using numerical least squares related convergence criteria
augmented with stochastic algorithms and backward fitting
approaches. The convergence patterns of such models can be
complex, sometimes de-converging before converging'’. Such
models are often more stable in very large samples. See for
example Golas et al.!® where over 11000 subjects and 3500
variables are the context of the modeling. ANN and machine
learning models are best applied in very-large-samples. Note
also that the laws of large numbers discussed here apply to
individual parameters defined within a larger, usually linear,
model. ANNs most usefully provide a classification, without
a focus on providing information on individual parameters.

DISCUSSION

The issues discussed here apply in many modern research
settings: healthcare, genomics, ecology, internet data,
marketing, economics and others. In all settings where
hundreds of thousands or millions of samples are to be
collected and organized as databases, laws of large numbers
will affect the sampling distributions related to the aggregate
statistics of interest. Here, examples were discussed in a

healthcare survey context.

The growing use of large databases and related data-
centric approaches has led to challenges in the continued
application of probability-based approaches, for example
the p-value in relation to hypothesis testing. However,
probability in the form of large sample convergence allows
for the simplification of calculations related to statistical
inference in the form of estimation where very-large-sample
national surveys are to be interpreted or compared with
smaller local surveys.

When comparing very-large-sample surveys, the concept
of essentially equivalent sample sizes arises. Sample sizes
beyond a given value, for example n=20000, are equivalent
in relation to the information and accuracy they provide due
to large sample convergence and the laws of large numbers.
These threshold values will differ according to the statistic
of interest, with sample means often achieving convergence
more quickly than proportions or rates.

Different areas of science use different statistics and
related pivotal quantities, so it is difficult to generalize
criteria. However, in most settings, with very large samples,
the central limit theorem and related laws of large numbers
apply. Whether odds ratios, proportions, coefficients in a
regression model or more generally maximum likelihood
estimates, they are assessed, on the appropriate scale, in
relation to the normal distribution or related chi-squared
distribution. Continuous variables tend to converge
rather quickly, for moderate sample sizes, assuming a
representative and unbiased sample with stable variation.
A general rule for interpretation can be derived by looking
at the standard error of the statistic of interest. If it is less
than 0.01 or 0.001, convergence of sample statistics to their
expected population values can be assumed. This should be
defined in the study protocol.

With categorical responses, larger sample sizes are
typically required for convergence. Again, examining the
standard error can guide the interpretation of convergence.
While a sample size >20000 in each sample considered
should be sufficient, a standard error value less than 0.001
typically implies convergence.

While the above examples compare univariate aggregate
measures subject to laws of large number related effects,
multivariate and higher order statistics (correlations,
parameters in generalized linear models, vectors of means
etc.) are also affected by large numbers and the issues of
interpretation discussed here. For example, in settings
where the data can be organized into a summary matrix,
and the elements of the matrix are essentially random, even
the eigenvalues of the data matrices will have laws of large
numbers®’.

Inferential cutoff values are always somewhat subjective
and reflect the area of application and goal of the study in
question. The use of 0.05 and 0.01 as cutoffs for interpreting
p-values has become somewhat standard, but in very-
large-sample cases where the tail area of the sampling
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distributions collapse, the cutoff criteria can be modified to:

1) reasonable percentage differences, motivated by chosen

practical outcomes such as improved healthcare access

or lower healthcare costs; or 2) 1 or 2o0-fold changes for
standardized statistics, allowing for reasonable, practical

definitions of o.

The approach suggested here involves:

. Adjustments to the study protocol to include guidance
for the comparison of estimated, essentially known
quantities.

. Defining meaningful differences or percent changes, which
can be small and remain practically meaningful.

. Careful assessment of population homogeneity and the
independence of the sampling process. These underlie the
application of the laws of large numbers.

. Careful interpretation and links to practical outcomes,
for example increasing access to care, the lowering of
healthcare costs or lowering of disease-related risk score
averages.

These can provide meaningful guidelines for researchers
and should be made part of the relevant study protocol.
Practical considerations such as related health cost
savings or improved access to healthcare should be used
to set thresholds for the interpretation of observed percent
differences. These should be set pre-experimentally, as part
of the initial study design. Such practical considerations
imply the need for clear understanding of the medical, socio-
economic or scientific context on the part of data analysts. In
a sense this approach is similar to defining decision theoretic
loss functions without access to a sampling distribution and
the concept of average loss.

The Bayesian statistical perspective is also affected. The
laws of large numbers can be viewed as implying collapsed
sampling distributions, implying the collapse of the
likelihood function. The pieces of information available are
then: 1) the prior density for the population characteristic of
interest, and 2) the estimated population value via the law
of large numbers in the new study. The observed population
value for the current study can be used to update the prior
to a posterior density through a simple shift of prior density
mean value. Note the accuracy of this estimate reflects the
variation in the assumed prior density, making thoughtful
selection of the prior density a requirement.

Limitations
There are of course other challenges when collecting and
analyzing a large sample. Missing data issues are particularly
challenging, often causing bias to arise in the dataset.
Simpson’s paradox and the possibility of latent variable
effects and residual confounding may arise, affecting the
interpretation of results?.

The focus here is on the interpretation of estimated
individual model parameters. In broader settings, for
example logistic regression, where the probability of a

| I

success (p) is also estimated (a function of the estimated
values in the logistic function), the ROC is generated for
various values of p and the set of standard classification
diagnostics for p=0.5. Poor fit and resulting false positives
can still occur, as the variables included in the model may not
be the appropriate set of variables for accurate prediction of
the outcome of interest. So false positives can still exist when
modeling with large datasets.

CONCLUSIONS

In very large samples, almost exact estimation and the
practical interpretation of such observed differences become
an essential paradigm for statistical inference via the laws of
large numbers, and related criteria should be a component
of the study protocol. In specific settings, this leads to the
continued use of the p-value as a tool for inference. In
other very-large-sample settings, this leads to practical
comparisons of estimated population values. In general, it
is important when interpreting study results, for any sample
size, not to become too dependent on p-values or other
specific inferential summaries alone and to carefully consider
the context and quality of the study.
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